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Abstract
We embed the supersymmetry breaking mechanism in N = 1 SQCD of hep-
th/0602239 in a smooth superstring theory using D-branes in the background IR4 ×
SL(2)k=1/U(1) which smoothly captures the throat region of an intersecting NS5-brane
configuration. A controllable deformation of the supersymmetric branes gives rise to the
mass deformation of the magnetic SQCD theory on the branes. The consequent instability
on the open string worldsheet can be followed onto a stable non-supersymmetric configu-
ration of D-branes which realize the metastable vacuum configuration in the field theory.
The new brane configuration is shown to backreact onto the background such as to produce
different boundary conditions for the string fields in the radial direction compared to the
supersymmetric configuration. In the string theory, this is interpreted to mean that the
supersymmetry breaking is explicit rather than spontaneous.
1smurthy@ictp.it
1. Introduction and summary
Supersymmetry breaking at low energies is one of the most important issues to un-
derstand both for supersymmetric models of particle physics and for superstring the-
ory as a theory of quantum gravity if these are indeed the theories describing the real
world. Recently, there has been some progress [1] in understanding a very generic phe-
nomenon in minimal supersymmetric four-dimensional gauge theories, namely the existence
of metastable vacua. The authors of [1] demonstrated that, under some well motivated
assumptions, one can compute with control the lifetime of these vacua in N = 1 SQCD,
and they can be made parametrically large.
There have been many papers following this work [2-10] to embed and analyze this
and related field theory configurations in string theory, which when done successfully leads
to the existence of such metstable vacua in string theory.1 Since one is dealing with an
N = 1 supersymmetric theory in four dimensions, the examples talked about typically
deal with D-branes in string backgrounds which have singularities – the simplest being of
the conifold type [5] or a T-dual configuration of intersecting branes [2].
These singularities needs to be smoothed out; the examples studied so far were ana-
lyzed by working with either geometrically resolved/deformed configurations as in [5], or
in a region of parameter space where the fluctuations of the branes sitting at the singu-
larities is still controllable and one can e.g use the DBI action for the branes [10], or in a
manifestly smooth M-theory lift [13].
In this note, we shall demonstrate the existence of these stable non-supersymmetric
vacua in a region of parameter space where one zooms in near the singularity keeping only
the modes which are supported at the singularity; in this limit the background begins to
develop a throat region2. This is a deeply stringy regime and is relevant to the study of the
decoupled field theory on the branes. One can perform a double-scaling limit where the
throat is capped off and there is a finite string coupling at the tip [15]; in this situation,
one can use the methods of conventional string perturbation theory. The nature of our
1 There has been of course a lot of independent work e.g.[11,12] on finding and analyzing non-
supersymmetric metastable vacua in string theory; the advantage of an embedding described above
would be that one has a simple but detailed understanding of the mechanism of supersymmetry
breaking in the four-dimensional theory.
2 For other work in finding stable vacua without supersymmetry in purely closed string back-
grounds of a similar type, see [14].
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setup i.e. exact SCFT + boundary states with a spectrum of gauge fields on them, ensures
that the assumption of [1] – that the kinetic terms of the fields in the gauge theory are
O(1) – is borne out in a manifest way.
1.1. The cigar setup as a limit of the ten-dimensional setup
To be more precise, we shall study the background IR4×SL(2)k=1/U(1) (cigar) which
smoothly captures the throat region of the intersecting NS5-brane configuration with
four flat common directions [See Figs 3-4], or equivalently that of the conifold in the
double scaling limit mentioned above. This background has N = 2 supersymmetry in four
dimensions and has one modulus µ which encodes the string coupling at the tip. The
string coupling decays exponentially away from the tip towards zero. The D-branes in the
system break a further half of the supersymmetry to N = 1.
The ten-dimensional type IIA intersecting brane configuration fig [3] from which our
system descends has a parameter L [see e.g. [13]] which is the length of the D4 branes
stretched between the NS5-branes as well as gs which is the asymptotic string coupling
constant. The branes could be treated as straight and the fluctuations could be treated in
a Born-Infeld approximation when L/ls >> 1, and gs → 0. To take into account effects of
string interactions, the authors of [13] instead studied the limit gsls → ∞ where one can
use low energy techniques from M theory. To decouple the field theory on the branes, one
needs to take the limit gs → 0, L→ 0, ls → 0 with the effective gauge coupling 1g2
YM
≡ Lgsls
held fixed.
The limit we take where we have an exact SCFT on the cigar is µ ≡ 1
gtips
≡ Lgsls is
fixed and ls is finite. To obtain the decoupled field theory on the branes, we then need to
go to very low energies on the branes. In this limit, one can study the classical vacuuum
states as configurations of D-branes and the fluctuations around them as open strings on
the branes. Indeed, by doing so, one can recover the picture of Seiberg duality in this
setup [16].
1.2. D-branes which realize SQCD and its deformations
The D-branes in this background which break half the supersymmetry and realize
N = 1 SQCD on their worldvolume were studied in [17,18,16]. The supersymmetric branes
wrap the cigar and are labeled by the quantum numbers (J,M) of the extended N = 2
symmetry algebra on the worldsheet [19-26] – the characters and modular transformations
of this algebra are summarized in Appendix A.
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The branes based on the identity representation |D3〉 have, at low energies, exactly the
spectrum of the N = 1 gauge theory on their worldvolume. These branes are localized at
the tip of the cigar. The branes which realize flavor in the gauge theory extend to infinity,
they are based on the continuous representation |D5, J = M = 1
2
〉 (electric flavor branes)
and |D5, J =M = 0〉 (magnetic flavor branes). These flavor branes realize massless quarks
and mesons in the supersymmetric electric and magnetic configurations Figs [1,2]. Seiberg
duality in this setup is realized as a partial monodromy µ → −µ which changes the basis
of fundamental flavor branes from |D5, J =M = 12 〉 to |D5, J =M = 0〉 [16].
The supersymmetric deformation in the field theory which corresponds to giving a
mass to the quarks in the electric theory is understood as moving from the point (J =
M = 1
2
) onto the continuous branch (J = 1
2
+ iP,M = 1
2
) [Fig 1]. In the magnetic theory,
the mass deformation breaks supersymmetry in perturbation theory and we present here
a new corresponding deformation of the (J = M = 0) boundary state. Intuitively, this is
done by trying to bend the color and flavor branes with respect to each other near the tip3
Fig [7]. As in flat space, this breaks supersymmetry and the spectrum is tachyonic.
The tachyonic quarks can then condense to get a non-supersymmetric stable minima.
We can understand this on the open string worldsheet by another deformation of the
unstable extended brane in which it swallows the localized brane and moves back a little
from the tip. For both the deformations, we find that the spectrum of particles and
symmetry breaking4 is exactly what we expect from [1].
1.3. Spontaneous v/s explicit SUSY breaking
Finally, the explicit wavefunctions that we find for the non-supersymmetric state
help us answer a theoretical question about supersymmetry breaking in this example.
Semiclassically, the theory of the closed strings and branes is defined by the configuration
3 This is in the T-dual theory with momentum condensate where the branes are one-
dimensional. On the cigar, this would correspond to turning on a small B-field on the extended
brane near the tip.
4 Note however that although the boundary state technology which we use is very useful to
understand in detail the shape and couplings of a single brane, it does not teach us about the non-
abelian nature of the gauge theory. Since we have a well-defined string perturbation theory, we
use the standard approximation of thinking of a state of N branes as a superposition of N single
boundary states. The symmetry breaking and the Goldstone particles related to the non-ablelian
gauge groups cannot therefore be studied in detail in this formalism.
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of closed and open string fields turned on at infinity5. The state of the theory on the other
hand is given by the shape of the normalizable fields in the bulk. We have two vacua, one
supersymmetric6 and one not, and one can ask if the two theories in which the vacua are
defined are the same or not.
In our case, there are two closed string fields which are relevant at infinity – the tachyon
winding mode and the RR axion which are related by the supersymmetry transformations
of the closed string background at infinity [28]. The branes which preserve N = 1 super-
symmetry change the value of these two fields equally in the asymptotic region. On the
other hand, the backreaction of the stable non-supersymmetric configuration changes the
two fields by unequal amounts. We interpret this as saying that the supersymmetry break-
ing is actually occurring in the UV of the theory, and is explicit instead of spontaneous.
A similar phenomenon happenes in the M-theory lift of the same configuration [13] due to
brane-bending.
This is a little surprising since the gauge theory for which the susy breaking was
spontaneous seemed to be localized in the bulk. From the point of view of the open string
theory on the branes, this means that the UV completion of the theory on the magnetic
branes is qualitatively different from the asymptotically free electric N = 1 SQCD. The
speculation in [16] that the full theory may include an effective quartic interaction in the
quarks may be relevant in this regard.
Note: In the recent publication [10], it was suggested in the context of related theories
that dynamical transitions allowing changes in boundary conditions at infinity should
be allowed. The analysis in this note may be useful towards understanding such time-
dependent processes in a stringy regime, but we shall not discuss such transitions. Our
above conclusion about supersymmetry breaking in string theory is drawn from comparing
the asymptotic field configurations of two static, perturbatively stable configurations – the
BPS brane configuration which at low energies realizes the supersymmetric vacuum in
5 This statement is simply the assumption of a conventional notion of perturbative quantum
gravity and is as such independent of holography. A boundary holographic theory in our linear
dilaton background, being related to Little string theory [27] is not known to admit a conventional
Lagrangian descrption unlike theories in AdS space. We still think of the boundary value of the
non-normalizable bulk fields as coupling to the sources of the boundary theory.
6 It is true that we have a configuration for the classical supersymmetric vacuum, but we assume
that the quantum fluctuations which produce the true supersymmetric vacuum are normalizable.
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the N = 1 SQCD theory near the tip v/s the configuration which realizes the metastable
vacuum of the same field theory.
The plan of the paper is the following. In section 2, we review the closed superstring
background and its supersymmetric branes which realize N = 1 SQCD on their world-
volume. We then review how Seiberg duality in this gauge theory is realized as a partial
monodromy in the closed string Ka¨hler moduli space. In section 3, we exhibit a certain
open string deformation of the magnetic theory which breaks supersymmetry and makes
some of the quark directions tachyonic. Then, we exhibit another open string deformation
which makes the theory perturbatively stable and corresponds to the metastable vacuum
of [1]. Finally in section 4, we compute the backreaction of the metastable brane configura-
tion onto the open and closed string fields and show that it differs from the supersymmetric
one.
2. Review of supersymmetric vacua of N = 1 SQCD embedded in non-critical
superstrings
2.1. Closed string background
We consider the supersymmetric closed string background
IR3,1 × SL(2, IR)k=1/U(1). (2.1)
The worldsheet theory has N = 2 supersymmetry, and a dual description of the coset
theory is N = 2 Liouville theory. The coset theory has central charge c = 3+ 6k and so the
above background has c = 15. Gauging the worldsheet N = 1 supergravity and adding
the usual (b, c, β, γ) ghosts makes this a consistent string theory7.
Semiclassically, the target space looks like IR3,1× a semi-infinite cigar with non-trivial
metric and dilaton. We can parameterize the cigar by a radial coordinate ρ ∈ [0,∞) and
angular coordinate θ ∈ [0, 2πR) with R = √2k in string units8. To get N = 2 worldsheet
supersymmetry, we need to add two fermions ψ± = ψρ ± iψθ = e±iH . Asymptotically as
ρ→∞, this becomes simply a flat cylinder with the dilaton linearly growing towards the
tip. In the full CFT, the strong coupling region is capped off by the cigar tip, or in the
7 For a review, see e.g. [28].
8 We shall set α′ = 2 everywhere.
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dual description by the the sine-Liouville wall Sint =
∫
dzψ+ψ˜+e−
1
Q
((ρ+ρ˜)+i(θ−θ˜))+ c.c.. It
is clear in either of these descriptions that the momentum around the cylinder is preserved
and the winding is broken. There is one modulus µ which is related to the value of the
string coupling at the tip as µ−1 = gtips .
The chiral part of the closed string vertex operators are labeled by (j,m, s) which
asymptotically have the wavefunction e−jρ+i(m+s)θ+isH . (j,m) can take values corre-
sponding to the continuous, discrete and finite representations of the N = 2 algebra9
on the worldsheet. s labels the amount of spectral flow of the N = 2 algebra on the
worldsheet. The state |j,m, s〉 has conformal weight and U(1)R charge
h =
(m+ s)2 − j(j − 1)
k
+
s2
2
, Q =
2(m+ s)
k
+ s (2.2)
and is annihilated by G±r , r ≥ 12 ∓ s. s = 0 is the NS sector primary state, and s = 12 is
the R sector.
The irrational nature of the conformal field theory brings in subtleties compared to
rational CFT’s, some of which have been understood well. In particular, to have nice prop-
erties such as integral U(1)R charges under modular transformations, one needs to consider
the characters of the extended N = 2 algebra, which includes the spectral flow generators
[19]. In Appendix A, we list the various characters and their modular transformations.
The spacetime supersymmetry is two copies of d = 4 Poincare supersymmetry (one
each from the left and the right movers on the worldsheet). The momentum around the
cigar is a U(1)R symmetry.
2.2. The supersymmetric branes which realize N = 1 SQCD10
We shall consider D-branes which fill the IR4 directions in order to discuss d = 4
gauge theories realized on them. On the cigar, the supersymmetric branes preserve the
classical U(1)R momentum symmetry, and a diagonal combination of the left and right
moving supercharges. There are two types of branes possible – the first type which has no
modulus is localized near the tip and has a tension proportional to µ. The only massless
modes on its worldvolume are those of a N = 1 gauge multiplet. The other type of brane
extends along the radial direction; asymptotically it can be understood as a Neumann
brane in the linear dilaton background. This type of brane semiclassically is labeled by a
9 These are related to the representations of the SL2/U(1) coset, see e.g. [20].
10 This subsection is simply a review of [16].
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parameter µB which can be thought of as a boundary cosmological constant which indicates
where the brane dissolves towards the strong coupling region.
In the exact SCFT, the boundary states are built using a Cardy-type ansatz. This
gives us boundary states corresponding to each of the representations discussed above for
various values of the parameters11. We first define the Ishibashi states:
〈〈j,m|e−πTHcleiπz(J+J˜)|j′, m′〉〉 = (δ(j − j′) +R(j)δ(j + j′ − 1)) δZZ2(m,m′)Chj,m(iT, z).
(2.3)
where R(j) is the reflection coefficient from the tip of the cigar; and look for solutions to
the following equations:
〈B; Id|e−πTHcleiπz(J+J˜)|B; Id〉 = ChNSId (it, z′),
〈B; Id|e−πTHcleiπz(J+J˜)|B; ξ〉 = ChNSξ (it, z′),
T ≡ 1
t
, z′ = −itz.
(2.4)
We have used the notation T for the closed string channel modulus, and the notation t for
its open string annulus counterpart.
The solutions are as follows. The identity brane has the one-point functions (T ≡ 1
2
+ iIR):
|B; Id〉 =
∫
T
dj
∑
m=0, 12
ΨId(j,m)|j,m〉〉
ΨId(j,m) = ν
j− 12 Γ(j +m)Γ(j −m)
Γ(2j − 1)Γ(2j) .
(2.5)
and the brane associated to the continuous representation is:
|B; cont, J,M〉 =
∫
T
dj
2π
∑
m=0, 12
Ψcont(j,m)|j,m〉〉
Ψcont(j,m) = (2π)
1
2µj−
1
2−mµj−
1
2+m cos (4π(J − 1
2
)(j − 1
2
))
Γ(1− 2j)Γ(2− 2j)
Γ(1− j +m)Γ(1− j −m)e
4πiMm.
(2.6)
To build a four dimensional field theory, we need to tensor the profiles in the extended
four dimensions. We choose all the branes to be Neumann in the IR1,3 direction, and they
11 The range of parameters could in general be different from the closed string theory because
of the irrational nature of the SCFT. In the absence of the Verlinde formula and a Cardy solution,
we should allow for all possible values of the parameters based on the formal algebraic reps above
which have consistent open + closed string physics.
7
have different profiles on the cigar. The supersymmetric branes relevant to N = 1 SQCD
with SU(N) gauge group are based on the identity representation and the continuous
representation and were denoted |D3〉 (color) and |D5; J,M〉 (flavor). We choose a con-
figuration of Nc color branes and Nf of the flavor branes. It is also possible to engineer
theories with SO/Sp gauge groups by using orientifolds in these backgrounds [29,30].
The low energy theory on the |D3〉 is an N = 1 pure SU(Nc) gauge theory with gauge
fields Aab. The |D5; J,M = 12〉12 introduces left and right handed quark multiplets Qai, Q˜ia
(a = 1, .., Nc, i = 1, .., Nf) with mass m
2 = −J(J − 1) − 14 into the gauge theory. These
fields are open strings stretched between the color and flavor branes, and so they are also
localized near the tip. The |D5; J,M = 0〉 introduces massive left and right handed quark
multiplets qai, q˜ia into the gauge theory with mass m
2 = −J(J − 1).13 The allowed values
of (J,M) are (J ∈ S = 12 + iIR+,M = 0, 12 ), and (0 ≤ J ≤ 12 ,M = 0).
D3 D5P
2
Fig. 1: Supersymmetric branes on the cigar |D3〉 and |D5, J = 1
2
+ iP,M = 1
2
〉
realize electric SQCD with massive quarks. The extended branes are double sheeted
and dissolve before reaching the tip at a distance which determines the mass of the
quarks.
In their self-overlap, the branes with M = 1
2
do not introduce any massless four
dimensional modes. For M = 0, there is no new massless four dimensional mode in the
self-overlap for any value of J 6= 0. At J = 0, one finds a massless meson M ij charged in
the adjoint under the SU(Nf ) rotating the flavor branes.
12 The presence of the bar indicates the sign of charge of the branes under the RR axion which
winds around the cigar; for now we only discuss branes that are mutually supersymmetric with
each other and with the |D3〉.
13 At J = 0, its overlap with the |D3〉 also shows the presence of gauge fields with quantum
numbers Aiaµ , these become massive and are discussed below.
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D5Unit
Flux
Fig. 2: Supersymmetric |D5, J,M = 0〉 branes on the cigar with (0 ≤ J ≤ 1
2
).
These branes fill the cigar and have a unit of magnetic flux localized near the tip
which have different profiles determined by J . At J = 0, the flux concentrates at
the tip and the configuration becomes |D5, J = M = 1
2
〉 + |D3〉. These realize
magnetic SQCD with no mass deformation.
The configuration of Nc |D3〉 branes and Nf |D5, J =M = 12 〉 gives rise to the electric
picture of N = 1 SQCD with massless quarks. In this configuration, there is a brane
addition relation based on (A.9):
|D5, J =M = 1
2
〉+ |D3〉 = |D5, J =M = 0〉. (2.7)
The magnetic configuration is achieved by the partial monodromy µ→ −µ, which induces
the following transformations14 on the branes: |D3〉 → (−|D3〉), |D5, J =M = 12〉 →
|D5, J =M = 12 〉. After tachyon condensation onNc (−|D3〉) and (−|D3〉), we are left with
a configuration of N˜c = Nf −Nc (−|D3〉) branes and Nf |D5, J =M = 0〉 such that the
total charge of the branes before and after the monodromy remains the same. The addition
relation above now is reexpressed as |D5, J =M = 0〉+(−|D3〉) = |D5, J =M = 1
2
〉, where
all the branes have positive tension.
This configuration has the fields of the magnetic dual of N = 1 SQCD with massless
magnetic quarks and mesons. There are also the gauge fields Aia mentioned above which
are massless at tree level. However, the global rotation and R charges of the quarks and
mesons do not allow a gauge interaction with these fields and they do not appear in the four
dimensional low energy description. This is interpreted as the fact that the interactions
will generate a mass for these fields.15 There is a superpotential coupling of three open
string fields allowed by the global rotation symmetries and classical R symmetry of the
14 The negative sign in front of the branes is necessary to keep the tension µ positive.
15 This is consistent with the fact that, unlike the color gauge fields, it is not clear whether there
is a BRST trivial open string operator which provides the decoupling of the longitudinal modes.
It is also consistent with the ten-dimensional Hanany-Witten type setups which we discuss below.
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theory W = qMq˜. We can summarize by saying that after the monodromy, we are left
with the magnetic SQCD.
We can identify our non-critical brane setup with the near-horizon limit of the ten-
dimensional type IIA setup [31] involving orthogonal NS5 branes, D4-branes suspended
between then, and D6-branes stretched to infinity [Figures 1 and 2 below]. We shall use
the conventions of [13] for the brane setups in ten dimensions.
D6
N N
NS
NS’
f c
Fig. 3: Supersymmetric Electric configuration with massless quarks. The setup
in ten dimensions follows the conventions of [13].
N f NcN f −
D6 NS’
NS
Fig. 4: Supersymmetric Magnetic configuration with massless quarks.
The NS5-branes in the figures, are replaced by our type IIB closed string background
(2.1). The |D3〉 branes are identified with the D4-branes in the figure. The D4-branes
suspended between the two NS5-branes has one of its directions spanning an interval of
length L – this parameter enters the gauge coupling as g−2YM = (L/ls)g
−1
s . The gauge
10
theory is effectively four dimensional for small values of L/ls. In our setup, we have only
one parameter µ which controls the gauge coupling.
The |D5, J = 1
2
〉 branes are identified with theD6+D4 brane where theD4 is stretched
between the D6 and NS5. This D4 is rigid and thus there is no localized four dimensional
fluctuation on the extended brane. This brane gives rise to flavors in the electric setup.
The |D5, J = 0〉 branes are identified with the D6 +D4 brane where the D4 is stretched
between the D6 and NS5′. This D4 has a massless scalar which corresponds to its motion
in the parallel directions of the two extended objects. This is the magnetic flavor brane,
and has the four-dimensional meson mode localized near the intersection.
The addition relation (2.7) is simply the fact that the D4-brane between the two
NS5-branes can add to the first type of D6 + D4 to become the second type as is clear
from the picture. In terms of these pictures, Seiberg duality was realized at a classical level
by moving the two NS5-branes around each other and showing that the various D-branes
rearrange themselves in such a way to reach the magnetic configuration [Fig. 2] starting
from the electric one [Fig. 1]. This could be done smoothly by turning on an FI parameter
which avoids any singular points in such a monodromy.
This picture was good enough to understand F-term information in the gauge theory
like the moduli space of vacua and the chiral rings. The non-critical setup in principle has
more information because of the exact nature of the background. In the following, we shall
exploit it in one such direction by turning on deformations which break supersymmetry.
3. New Branes relevant to broken supersymmetry
In the electric theory, the mass deformation which corresponds to adding a superpo-
tential W = 14TrαQQ˜ is supersymmetric [fig 5]. This is understood as the change of the
parameter J = 12 + iP in this continuous branch away from P = 0 to P = α.
3.1. Unstable Brane configurations which spontaneously break supersymmetry
In the magnetic theory, this deformation corresponds to adding a term linear in the
meson
W = Tr qMq˜ + αTrM. (3.1)
As was shown in [1], for Nf > Nc, this deformation breaks supersymmetry spontaneously
at tree level simply because there are more F -term equations than fields. Expanding the
11
N f
D6
N
NS
NS’
c
Fig. 5: Supersymmetric electric configuration with massive quarks
scalar potential for the above superpotential, we find that there is a quadratic term for
the fields q and q˜ with coefficient m2 = 〈M2〉−α. For small values of 〈M2〉, this implies a
complex tachyon. In the brane setup in the type IIA theory [2,13], a deformation causing
such an instability is implemented by a certain deformation of the magnetic flavor brane
as shown in Figure 4.
N
c
N f −
N f
NS’
NS
D6
Fig. 6: Magnetic configuration with mass deformation. This configuration breaks
supersymmetry and some of the quark directions become tachyonic.
We look for deformations of the boundary states |D5; J =M = 0〉 such that the new
flavor brane has a self-overlap which is the same as that of the undeformed flavor brane and
hence at tree level has a massless meson multiplet – this implies that J must remain zero.
This brane however must break supersymmetry completely and in the overlap with the
12
color branes, one of the quark degrees of freedom become tachyonic. Such a deformation
must of course preserve N = 1 supersymmetry on the worldsheet which is gauged.
In the sine-Liouville theory (where the branes under consideration are one-dimensional
objects going in from infinity towards the tip and turning back), we also have an intuition
that the deformed brane is slightly bent around the circle away from the localized color
brane (which also has two branches, but decays quickly towards infinity). This deformation
of the flavor branes must however decay towards infinity (since that is so in the type II
setup).
D3
Tachyons
D5
Fig. 7: A heuristic picture for the supersymmetry breaking branes. In the sine-
Liouville picture on the cylinder with momentum condensate, the branes we have
been considering have two legs, one coming in towards the strong coupling region,
and the other going out at a diametrically opposite point on the circle. The double
lined D3 branes are localized in the strong coupling region – in the figure, they
seem to be cut off going towards the weak coupling region, but they have a smooth
profile as given by (2.5). The single-lined D5 branes go out all the way to infinity.
To break supersymmetry locally, we can try to bend the D5 branes with respect
to the D3 branes, but only in the strong coupling region. Such a deformation is
captured by (3.2) below. As to whether this deformation really dies away towards
the weak coupling region is answered in the following section.
A deformation of the open string (NS) character (J = M = 0) obeying the above
properties is given by:
ChαJ,M (t, z) = q
−J(J−1)− 14Θ2M,1(t, z)
1
cos(πα)
sin(πα) ϑ00(τ, z + αt)
ϑ11(τ, z + αt)
. (3.2)
Note that this deformed character can be interpreted as the following (see also [32]) – the
continuous representation (A.2) is built out of a free field module tensored with qh−
1
4k
arising from the zero mode of the Liouville theory. At h = 0, one can turn on a twist in
the two directions exactly like branes at angles/branes with B field in flat space.16 Such
16 We shall not try here to analyze thoroughly the space of all possible N = 1 preserving
deformations of the N = 2 Liouville boundary states. This space is quite large even for the free
field system with c = 3 [33].
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a twist is consistent with N = 1 supersymmetry on the worldsheet. Then one must sum
over the lattice of zero modes as before17. This lattice sum is not touched by the twist
and so also respects N = 1 supersymmetry on the worldsheet as before.
We can now define deformed Ishibashi states which which obey the condition:
〈〈j,m, α|e−πTHcleiπz(J+J˜)|j′, m′, α′〉〉 = 2π (δ(j − j′) +R(j)δ(j + j′ − 1)) δZZ2(m,m′)×
× q−j(j−1)− 14Θ2m,1(T, z) 1
cos(πα) cos(πα′)
sinπ(α− α′)ϑ00(T, z + α − α′)
ϑ11(T, z + α− α′).
(3.3)
Note the α dependent normalization – this is the free field normalization for branes at
angles/with B flux [see e.g. [35,34]]. This normalization affects the one-point functions,
and the one above is consistent with charge conservation of the snapping process which we
shall talk about soon.
Using the same one-point function as before, we define the Cardy states:
|B; J,M, α〉 =
∫
T
dj
∑
m=0, 12
Ψcont(j,m)|j,m, α〉〉
Ψcont(j,m) = νj−
1
2 cos (4π(J − 1
2
)(j − 1
2
))
Γ(1− 2j)Γ(2− 2j)
Γ(1− j +m)Γ(1− j −m)e
4πiMm.
(3.4)
with the open string spectrum:
〈B; Id, 0|e−πTHcleiπz(J+J˜)|B; J,M, α〉 = ChαJ,M (t, zt). (3.5)
Let’s now deform the magnetic brane as above with parameter α. So far, we discussed the
NS sector amplitudes. After adding in the other sectors, we find that the full spectrum of
strings stretched between the color brane |D3〉 and |D5; J =M = 0, α〉 is:
〈D3|e−THcl |D5; J = M = 0, α〉
= Vα
q−
1
4
ϑ11(t, αt)η3(τ)
1
2
[Θ01(t, 0) (ϑ00(t, 0)ϑ00(t, αt)− ϑ01(t, 0)ϑ01(t, αt))
−Θ11(t, 0)ϑ10(t, 0)ϑ10(t, αt)]
= Vα
[(
q−α/2 + qα/2 + ...
)
+
(
2qα/2 + ...
)
+
− { (2 + ...) + (2qα + ...)}]
(3.6)
17 Note again that this is not a construction which respects N = 2 supersymmetry – the N = 2
spectral flow of the twisted free field character gives a lattice sum which is different from the one
above. See [34] for such a construction for c = 3.
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where the first line is the NS sector and the second is the R sector (in the open string
channel). The overall normalization is the same one chosen for branes with flux in flat
space, such that the expression is finite with pure volume factors as α → 0 [35]. We
have grouped the factors in parentheses such that the first two excitations come from
the oscillators in the cigar directions, whereas the second two arise from the flat space
oscillators. The former correspond to the quark excitations (there are two more coming
from the complex conjugate diagram) and the latter to the gauge field, which as discussed
earlier, picks up a mass due to interactions and decouples. The ellipses correspond to
oscillators with higher masses.
We can now read off the open string spectrum at low energies for 0 < α << 1. While
earlier, at α = 0, we had two massless quark superfields q and q˜, the masses of all the modes
shift in the presence of the deformation. Among the bosonic squark fields, we now have two
tachyonic modes m2 = −12α, two massive modes with m2 = +12α; and all the fermionic
quarks remain massless. The localized self-overlap of this brane |D5; J = M = 0, α〉 does
not depend on α and therefore contains as before a massless meson multiplet. The pattern
of masses above is exactly that18 which comes from the Lagrangian (3.1) of the magnetic
theory deformed by the mass parameter expanded around a configuration where the meson
has not acquired a vev.
3.2. New branes with perturbatively stable spectrum
The magnetic SQCD configuration deformed by the small parameter α above has a
tachyonic quark direction with mass m2 = −12α. This mode can condense and it has
been argued [1] that there is a non-supersymmetric metastable vacuum at the end of the
condensation. As shown in [1], the vacuum energy in this state is proportional to |α|2 and
the quark fields have an expectation value qq˜ proportional to α. For small values of α, this
vacuum is close compared to the classical magnetic vacuum at α = 0.
In the IIA brane picture, this corresponds to Nf−Nc D4 branes stretched between the
NS and NS’ joining with an equal number of D4 branes stretched between the D6 and NS’
and snapping back into a rigid brane stretched between the D6 and NS [13] (fig. 8). This
rigid brane has the same quantum numbers as a flavor brane in the electric configuration
which gives masses to the electric quarks.
18 At gs = 0, we can understand the deformation on Nf boundary states as performing the
above deformation on each of the extended states independently.
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N
c
N f −
NS
D6
NS’
Nc
Fig. 8: Stable non-supersymmetric configuration. This configuration is reached
when the deformed branes of Figure 4 snap back and relax into the minimum
energy configuration. There are no perturbative instabilities and this configuration
is long-lived.
In the near-horizon limit captured by the non-critical theory, this snapping process
in the magnetic configuration should be described by the |D5; J =M = 0, α〉 joining with
the (−|D3〉) to form a |D5〉. The new D5 brane is one that we have already discussed – it
is in the continuous representation with P = α [Fig 5].
At α = 0, the charges of the three branes above were (in units of the |D3〉 charge),
−12 ,+1,+12 . On deformation, the charges of the second two branes remains the same, we
will see soon that the charge of the deformed brane also stays the same, and hence the
above snapping is allowed by charge conservation.
The overlap between two extended branes is given by:
eπ
3z2
T 〈B; J1,M1, α|e−πTH
cl
eiπz(J+J˜)|B; J2,M2, α′〉
=
∫ ∞
−∞
dp
[
ρ1(p|J1, J2)Chα−α
′
(p,M2 −M1; it, z′) + ρ2(p|J1, J2)Chα−α
′
(p,M2 −M1 + 1
2
; it, z′)
]
(3.7)
where the spectral densities ρi are given by:
ρ1(p|J1, J2) =
∫ ∞
0
dp′
cos (4πpp′)
sinh2 (2πp′)
∑
ǫi=±1
cosh
(
4π
(
1
2
+ iǫ1P1 + iǫ2P2
)
p′
)
ρ2(p|J1, J2) = 2
∫ ∞
0
dp′
cos (4πpp′)
sinh2 (2πp′)
∑
ǫ=±1
cosh (4π (iP1 + iǫP2) p
′).
(3.8)
For Ji − 12 ≡ Pi ∈ IR+, these formulas are well-defined. For imaginary values of Pi,
corresponding to 0 ≤ J ≤ 12 , one has to be more careful. The p′ integral in (3.8) may
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generate additional divergences at p′ =∞, which can be eliminated by shifting the contour
of p integration in (3.7) before exchanging the order of the integrals [see [16]]. Thereafter,
one can freely exchange the integral and shift back the contour, and find if there any
additional contributions to the brane spectrum.
In our setup, we have at the end of the process Nc |J = M = 0, α〉 and (Nf − Nc)
|J = 1
2
+ iα,M = 1
2
, α = 0〉. The self overlaps of the brane |J =M = 0, α〉 is independent
of α and we know already that it does not have open string tachyons in its spectrum.
This is simply the fact that (3.7) gives us a massless meson + massive modes on the
supersymmetric magnetic flavor branes. Note that the meson remains massless at tree
level in the α-deformed theory as well. This is as in [1]– these pseudomoduli get a potential
due to the interaction with the (Nf −Nc) flavor branes with J in the continuous branch.
We know that the brane |J = 1
2
+ iα,M = 1
2
, α = 0〉 is stable as well. The only potential
source of perturbative tachyons is the overlap between the two types of branes computed
from (3.7).
In this overlap, we find that there are no additional localized contributions from
outside the continuum.19 After tensoring in the IR4, we find that the continuum of modes
in the open string spectrum (3.8) begins with m2 = 0 (NS,R) in ρ1 and m
2 = 1
4
− 1
2
α (NS)
and m2 = 14 (R) in ρ2. The conclusion is that for α << 1, the configuration of these two
types of branes is perturbatively stable. On the cigar, we can understand this by thinking
of the new Nf−Nc branes as having moved away from the tip a little distance proportional
to α [Fig 1] causing the open strings stretching from the tip and ending on them to become
non-tachyonic.
4. The Backreaction of the branes
A relevant question is whether the deformation of the brane is truly localized or not.
In terms of the stick-figure type IIA setup [Figures 1-4], there is a possibility for modes
to hide in the singularity. The details of how string theory resolves this singularity could
potentially affect the true answer. The advantage of using the exact CFT is that we can
answer this type of dynamical question precisely in terms of conventional perturbative
19 There is a contribution to ρ1 which appears at the edge of the continuum as for the J =
1
4
brane self overlap in [16]. It appears not as a pole, but because of a logarithmic branch cut and
is not counted as a genuinely localized mode. In any case, this mode is not tachyonic.
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string theory.20 In terms of the sine-Liouville picture presented earlier, the question is
whether the bending of the extended brane (in the circle direction, with respect to the
color branes) near the strong coupling region decays fast enough or not towards the weak-
coupling region.
In our setup, the non-normalizable operators which define the closed string background
are the tachyon winding mode with value µren and the value of the RR axion (which is
zero without the branes). In addition, we have the D5 branes stretching to infinity which
have non-normalizable open string modes turned on. There is a continuum of modes in
the radial direction, but one needs only to explore the zero momentum modes in both the
open and closed cases21. We need to find out if the asymptotic profile of any of these
modes changes, and whether any new non-normalizable modes get turned on.
For our case k = 1, this question turns out to have a further subtlety – the tachyon
winding mode turns out to be at the edge of the normalizability bound, and one needs
to be more careful. To understand this better, we shall make a small digression into the
nature of vertex operators in this system.
4.1. The normalizability of the vertex operators
In general, systems with a linear dilaton have two branches of operators, one of which
is normalizable in the radial direction and the other not. In the non-critical string, it was
understood [36] that the local vertex operators were those that were non-normalizable.
These were the operators that had a non-zero influence in the asymptotic region and
defined the theory. Changing them is equivalent to changing the theory.
This is consistent with our general notion of perturbative quantum gravity as well
as ideas from holography where the bulk modes reaching the boundary would couple to
operators which change the Lagrangian of the holographic theory. Taking into account the
curvature of the space, the bound for an operator with the profile e
−j ρ√
2k is Re(j) < 1
2
.
The modes with Re(j) = 12 are delta function normalizable and are the travelling waves.
Subtleties at k = 1
20 As mentioned in the introduction, another approach to resolve the singularity would be to
lift the configuration to M theory as in [13].
21 One can also compute the backreaction by integrating over the continuum, this gives the
same answer as picking up the one-point function of the zero-momentum mode [16].
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At k = 1, the wavefunction for the tachyon winding mode is22:
φtachP (ρ) = cosh
ρ√
2
e±i
√
1
2 (θ−θ˜) (sinh
ρ√
2
)−2iP−2F
(
1 + iP, 1 + iP ; 1 + 2iP ;− 1
sinh2 ρ√
2
)
+
Rtach(−P ) cosh ρ√
2
e∓i
√
1
2 (θ−θ˜)(sinh
ρ√
2
)2iP−2F
(
1− iP, 1− iP ; 1− 2iP ;− 1
sinh2 ρ√
2
)
.
(4.1)
where the reflection amplitude is (with k = 1):
Rtach(P ) = ν2iP
Γ(2iP )Γ(1 + 2iP )Γ(1− iP )Γ(−iP )
Γ(−2iP )Γ(1− 2iP )Γ(1 + iP )Γ(iP ) . (4.2)
We can now see easily that the asymptotic behavior is Φtach(ρ) ≡ T (ρ) = µe±i 1√2 (θ−θ˜)− ρ+ρ˜√2k .
This behavior is on the edge of the Seiberg window of operators non-normalizable at the
weak coupling end. We recall here a discussion from [18] which generalized the arguments
of [37] to the supersymmetric theory.
First, we note that objects in the theory are singular in the limit k → 1, and we
regularize as k = 1− ǫ. In order to keep quantities like the two and three point functions
in the bulk theory finite, we need to keep µ Γ(1/k)Γ(1−1/k) finite [21]. This means that the bare
N = 2 Liouville interaction diverges. To understand this, we shall follow the analysis
in the c = 1 theory [37] and look at the full wavefunction of the tachyon winding mode
including the reflected piece. The reflection amplitude for the mode in the action j = k2
has the value R = −1. The asymptotic behavior is (to leading order in ǫ):
Φtach(ρ) ≡ T phys(ρ) = µ lim
ǫ→0
e±i
√
1+ǫ
2 (θ−θ˜)
(
e−(
√
1−ǫ
2 )ρ − e−(
√
1+ǫ
2 )ρ
)
= (
√
2µǫ) ρ e
±i 1√
2
(θ−θ˜)
e
− 1√
2
ρ ≡ µren ρ e±i
1√
2
(θ−θ˜)− 1√
2
ρ
(4.3)
where we have defined a quantity µren which we should keep finite. Keeping track of all
the terms in the above computation tells us that the full tachyon winding mode23 has also
a normalizable subleading piece which behaves as Φ ∼ µren logµrene±i
1√
2
(θ−θ˜)− 1√
2
ρ
.
22 We have denoted ρ+ ρ˜ by ρ in this expression.
23 As was noted in [38], it is difficult to say in the case k = 1 whether there is an independent nor-
malizable mode or not. We shall see that the D-branes shall backreact onto the non-normalizable
modes and so our conclusions will be valid irrespective of the existence of such a mode.
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4.2. Open string backreaction
As mentioned in section 2, the extended branes in this theory are semiclassically de-
fined by a operator on the boundary worldsheet action multiplied by the so-called boundary
cosmological constant µB [see e.g. [21] for a discussion]. One can make arguments similar
to the closed string case, about the operator at k = 1 – there are two solutions, one of
which behaves as ρe
− 1√
2
ρ
and the other which behaves as e
− 1√
2
ρ
. The non-normalizable
mode multiplying µB is a linear combination of the above two.
However, as discussed in section 2, the open string case is a little different from the
closed string one in that there is a genuinely localized mode (bound state) in the spectrum.
Using the understanding in the related c = 1 theory [39], it was argued [16] that there
must be exactly one localized scalar (superfield) fluctuation arising on the |D5, J = 0〉
with the quantum numbers of the meson superfield. A further careful calculation [16] of
the spectrum on the |D5〉 brane using the methods of [40] then bore this out.
Based on the above discussion, turning on a source for the meson on the magnetic
brane would involve turning on the non-normalizable counterpart24 of the meson operator,
i.e. the operator which decays as ρe
− 1√
2
ρ
.
µB is related to (J,M) in our exact description through a formula [21] µBµB/µ =
(2k/π) sinπ(J +M) sinπ(J −M). For all the supersymmetric branes that we presented,
if we pick µ and µBµB to be real and positive, µBµB is also real and positive. For the
electric branes M = 12 , J =
1
2 + iP , changing the real parameter µB moves the end of the
brane up or down the cigar. In the magnetic branch M = 0, 0 ≤ J ≤ 12 , changing the real
µB moves the localization of the magnetic field a little bit near the tip. In both cases, it
changes the mass of the quarks.
It is natural to guess that the deformation α (3.2) in the semiclassical theory
corresponds to a change in the value of µB in an imaginary direction (at least near
J = M = α = 0), this is supported by the intuition that α rotates the branes around
the sine-Liouville cylinder. This is a non-normalizable deformation; but work remains to
be done to understand the semiclassics directly better for the branes outside the super-
symmetric electric branch. We now turn to measure the closed string backreaction from
the exact boundary state directly.
24 Note that this operator is the bottom component of the superfield whose top component is
the actual six dimensional field which is the mass parameter in the electric theory.
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4.3. Closed string backreaction
Before computing the backreaction of the deformed boundary state, let us recall some
facts about the backreaction of the supersymmetric D-branes. The calculation of the back-
reaction of say the |D3〉 brane onto the tachyon winding mode [18] was done by convolving
the one-point function with the eigenmodes of the Laplacian on the cigar. This gave a result
that the tachyon winding mode changed as δT (ρ) = 1
ǫ
Ψtach(j = 1
2
) e
1√
2
(θ−θ˜)− 1√
2
ρ
, ρ→∞
where Ψtach(j = 1
2
+ ip) was the (finite) one-point function of the tachyon. There was a
similar result for the backreaction onto the RR field at infinity which is the superpartner
of the tachyon winding mode.
The interpretation of this divergence was the following – at infinity, the charge of the
IR3,1 filling brane must be measured simply by the field strength of the axion
∮
∂θχ. The
normalization of the backreaction is such that one |D3〉 brane creates one unit of magnetic
charge for the axion. The electric flux of this brane which is Hodge dual to the axion field
strength is also constant and the gauge field itself would asymptotically grow as ρ. Upon
action by the supercharge, the (RR) vertex operator25 gsA0123(ρ) produces the tachyon
with a profile ρe
− 1√
2
ρ
.
The summary of the calculation is that the supersymmetric D3 branes and D5 branes
with (J = M) backreact onto the non-normalizable tachyon winding mode and equally
onto the RR axion with values 1 and ( 1
2
− 2M) respectively. Any change in the one-point
function onto these modes will translate into a change of the asymptotic values of these
fields. Since the branes are made up of only continuous representations, no other fields
will get switched on, and the above two are the only fields we need to worry about.
To measure the backreaction, we simply need to pick out the one-point function of
these two fields at j = 12 from the boundary state (3.4). The complex tachyon T± and
the RR axion (also a complex scalar ∂±χ in four dimensions) both have m = 12 . The one
point functions of both these modes with j = m = 0 do not depend on the value of J .
The α dependence of the one-point functions comes from the overlap (3.3) between 〈〈j =
m = 12 , 0|qL0|j = m = 12 , α〉〉. All four of the modes we are interested in have no bosonic
oscillator excitation, and so have an overall factor of sin(πα)cos(πα) sin(πα) =
1
cos(πα) . The tachyon
winding mode eϕ±ikθ+(|k|−
Q
2 )ρ which arises from the NS sector ground state of the fermionic
oscillators is further multiplied by 1. In the R sector, the ground states of the fermionic
25 See [18] for a reasonably detailed discussion of the vertex operators in the various pictures
in this context.
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oscillators which gives rise to the axion is represented by the term 12q
1
8 (eπiα + e−πiα). On
multiplying with the overall common factor and the normalizations of the closed string
modes, the backreaction onto the tachyon is 12
1
cos(πα) =
1
2 +
π2
4 α
2 + O(α4), whereas the
backreaction onto the axion is 1
2
cos(πα)
cos(πα)
= 1
2
.
We can now compare the asymptotics of the supersymmetric brane configuration with
a mass term in the electric theory (fig 5) and the new stable non-supersymmetric brane
configuration at the end of the snapping process after introducing the mass term in the
magnetic theory (fig 8). The semiclassics of these two configurations on the cigar were
discussed in section 3, and the exact boundary states areNc |D3〉 and Nf |J =M = 12+iα〉
for the supersymmetric configuration as opposed to Nc |J = M = 0, α〉 and (Nf − Nc)
|J = 12 + iα,M = 12 , α = 0〉 for the stable non-supersymmetric configuration.
As just computed above, the axion charge of the new stable non-supersymmetric
branes is independent of α, and thus the snapping process is thus allowed by charge
conservation. On the other hand, we also see that the non-supersymmetric configuration
has different asymptotics than the supersymmetric one through the backreaction onto the
tachyon winding modes.
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Appendix A. Characters and modular transformations of the N = 2 algebra
The various functions used are:
η(τ) = e
2πiτ
24
∞∏
n=1
(1− e2πinτ )
ϑab(τ, z) =
∑
n∈Z
exp
[
2πi
(
1
2
(n+
a
2
)2τ + (n+
a
2
)(z +
b
2
)
)]
Θm,k(τ, z) =
∑
n∈Z
exp
[
2πiτk(n+
m
2k
)2 + 2πizk(n+
m
2k
)
]
= ϑm
k
0(2kτ, kz)
(A.1)
The unflowed (s = 0) characters of the various representations are:
Continuous (h,Q) : χcontj,m (τ, z) = q
h− 14k yQ
ϑ00(τ, z)
η3(τ)
Discrete (h = ±Q
2
) : χDiscm (τ, z) =
χcontj=±m(τ, z)
(1 + y±1q
1
2 )
Identity (h = Q = 0) : χId(τ, z) =
χcontj=m=0(τ, z)(1− q)
(1 + y−1q
1
2 )(1 + yq
1
2 )
(A.2)
The effect of spectral flow is (for any character)26:
χ∗,s(τ, z) = q
1
2 (1+
2
k
)s2y(1+
2
k
)sχ∗(τ, z + sτ) (A.3)
To have integral U(1)R charges after modular transformation, we need to consider the
characters of the extended N = 2 algebra, which include the spectral flow generators:
Chj,m,r(τ, z) =
∑
s∈r+kZZ
χj,m,s(τ, z) (A.4)
The extended continuous characters can be expressed as:
Chcontj,m,r(τ, z) = q
− j(j−1)
k
− 14
∑
s∈r+kZZ
q
1
k
(s+m)2y
2
k
(s+m)q
s2
2 ys
ϑ00(τ, z + sτ)
η3(τ)
= q−
j(j−1)
k
− 14
∑
n∈ZZ
q
1
k
(kn+r+m)2y
2
k
(kn+r+m)ϑ2(kn+r),0(τ, z)
η3(τ)
= q−
j(j−1)
k
− 14Θ2(m+r),k(τ,
2z
k
)
ϑ2r,0(τ, z)
η3(τ)
(A.5)
26 When the s character label is not indicated, it means we set it to zero.
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They obey the modular transformation law:
Chcontj,m,r(τ, z) =
∑
m′∈ZZk
e4πi
mm′
k
∫
1
2+iIR
+
dj′ cos
(
4πi(j − 1
2
)(j′ − 1
2
)
)
Chcontj′,m′,0(
−1
τ
,
z
τ
+ r)
(A.6)
Note above the periodicity of m with period k/2. Note also that for r ∈ ZZ, the function
ϑ00(τ, z + r) is independent of r, and the expression above depends on r only through
the factor e2πi(m+r)
2m′
k . We thus keep r ∈ [0, 1).27 The modular transformations of the
discrete characters is a little more complicated, and we present them below for k = 1.
Now we shall focus on d = 4 which corresponds to k = 1. The various extended
characters (with r = 0) are:
Continuous : m ∈ {0, 1
2
}
Chcontj,m (τ, z) = q
−j(j−1)− 14
∑
n∈ZZ
q(n+m)
2
y2(n+m)
ϑ00(τ, z)
η3(τ)
= q−j(j−1)−
1
4Θ2m,1(τ, 2z)
ϑ00(τ, z)
η3(τ)
Discrete : j = |m| ∈ {0, 1
2
}
Chdiscm (τ, z) = q
− 14
∑
n∈ZZ
qn
2+2|m|n+|m|ysgn(m)(2n+|m|)
(1 + ysgn(Q)qn+
1
2 )
ϑ00(τ, z)
η3(τ)
Identity : j = m = 0
ChId(τ, z) = q
− 14
∑
n∈ZZ
(1− q)qn2+n− 12 y2n+1
(1 + yqn+
1
2 )(1 + yqn−
1
2 )
ϑ00(τ, z)
η3(τ)
.
(A.7)
27 For the boundary states that follow, different values of r will correspond to gluing conditions
that preserve different N = 1 algebras on the boundary of the worldsheet and we shall only talk
about r = 0.
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The modular transformations for the k = 1 characters are (with S = 12 + iIR+):
Chcontj,m,α(τ, z) = e
iπ 3z
2
τ 2
∫
S
dj′ cos (4π(j − 1
2
)(j′ − 1
2
))×(
Chcontj′,0 (−
1
τ
,
z
τ
+ α) + e−2πimChcontj′, 12 (−
1
τ
,
z
τ
+ α)
)
.
Chdiscm=±1(τ, z) = e
iπ 3z
2
τ ×∫
S
dj′
[(
Chcontj′,0 (τ, z)− Chcontj′, 12 (−
1
τ
,
z
τ
)
)
− i
2
(
Chdiscm=±1(−
1
τ
,
z
τ
)− Chdiscm=∓1(−
1
τ
,
z
τ
)
)]
.
ChId(τ, z) = eiπ
3z2
τ ×∫
S
dj′
(
− sin2 (π(j′ − 1
2
)) Chcontj′,0 (−
1
τ
,
z
τ
) + cos2 (π(j′ − 1
2
)) Chcontj′, 12
(−1
τ
,
z
τ
)
)
.
(A.8)
The continuous extended characters of the k = 1 theory obey the following two addi-
tion relations
Chcontj=m= 12
(τ, z) = Chdiscm= 12
(τ, z) + Chdiscm=− 12 (τ, z)
Chcontj=m=0(τ, z) = Ch
cont
j=m= 12
(τ, z) + ChId(τ, z).
(A.9)
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